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Fig. 2 Mass vs time for various array orientation options for station
in 334-km orbit.
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Fig. 3 Mass vs time for various array orientation options for station
in 500-km orbit.
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Figure 2 shows the cumulative mass to orbit needed for
the solar array as a function of years of operation. This
accounts for the system mass (including storage and structure)
plus the mass of propellant used, assuming 7sp = 445 s, to
cancel the array drag (i.e., not including the portion of the
drag which is independent of orientation). The effect of hard-
ware replacement is seen in the abrupt steps at the hardware
replacement times. Cumulative mass without the assumption
of hardware replacement can be seen by extrapolating the
initial portion of the curve. Figure 3 shows the same plot for
an assumed 500-km orbit.

Conclusions
The orientation strategy of rotating the array to the edge-

on position during the 36-min eclipse period can result in a
savings in the required drag makeup propellant of about
18.5% without increasing the array size or changing the
configuration.

An array strategy of orienting the array to be always edge
on to the flight direction requires the array area to be in-
creased by a factor of two and the storage subsystem to be
increased by 50%. This results in higher initial cost and mass
but lower 30-year cumulative mass to orbit due to the de-
creased consumption of propellant. For the 334-km orbit, we
calculate that the fully edge-on array orientation reaches a
breakeven in mass-to-orbit at about one and a half years
against the baseline orientation and at about two years against
the edge on during eclipse orientation. For a space station in
500-km orbit, the edge-on configuration has no advantage.

A fully fixed array was examined, but the disadvantages
apparently outweigh any advantages.
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Introduction

I N a cusped ion thruster, the configuration of the cusped
magnetic field applied in the discharge chamber is a design

parameter of primary importance because it has a great influ-
ence on discharge-chamber performance. A poor field config-
uration can lead not only to inefficient confinement of pri-
mary electrons, but also to a low fraction of the ions produced
within the chamber that are extracted into the beam. Some
research work to optimize field configurations has been con-
ducted over the last decade, but most of this work has been
done experimentally.1'6 This procedure usually takes a lot of
time and is costly because a large number of parameters are
involved in chamber designs. Consequently, it is desirable to
develop a theoretical model that can be used to suggest the
field configuration that will yield optimum discharge-chamber
performance.

The objective of this work, as a first step toward develop-
ing such a theoretical model, is to apply the finite element
method to a simple two-dimensional model describing plasma
flows within the discharge chamber for any magnetic field
configuration.

Simple Plasma Flow Model
The governing equation for the particle balance within the

discharge chamber is
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where the matrix [D] describes the spatial variation of diffu-
sion coefficients, n is plasma density, and { } is the vector
symbol. When the discharge plasma is assumed to be pro-
duced in one-step ionization collisions between primary elec-
trons and neutral atoms, the ion production rate per unit
volume Q is given by

Q = npnn <ov> (2)

Here, np and nn are the densities of primary electrons and
neutrals, respectively, and < av > is the ionization rate coeffi-
cient. Because a primary electron has a mean free path that is
much longer than the discharge-chamber length, one can treat
a primary electron as a collision-free particle in the electro-
static and electromagnetic fields that exist in the chamber.
With a collision-free particle orbit theory, np can be expressed
in terms of the magnetic field vector potential, as described in
Ref. 7.

The atom density in the chamber nn is determined by a
neutral atom flow balance on the discharge chamber and is
given by

nn=-
4m (\-r

(3)

where m is the propellant flow rate expressed in equivalent
amperes, 77u the propellant utilization, e the electron charge, vn
the thermal velocity of neutrals, Ag the grid surface area, and
</>„ the effective transparency of the grids to neutrals.

The migrations of both ions and Maxwellian electrons
across and along magnetic field lines are assumed to be de-
scribed by Bohm diffusion and ambipolar diffusion, respec-
tively. In a coordinate system oriented so that the z' axis is
coincident with the tangent to the magnetic field at a point P,
the diffusion matrix [D'] at P can be written as

DA

0 (4)

where components DA and DB are the ambipolar and Bohm
diffusion coefficients, respectively. If we assume that the elec-
tron temperature Te is constant and is much higher than ion
temperature, the ambipolar diffusion coefficient can be ap-
proximated by

(5)

where /*/, the ion mobility, is inversely proportional to the
neutral atom density. The Bohm diffusion coefficient DB is
given by8

kTe

\6eB (6)

where the magnetic flux density B is a function of position
within the discharge chamber and is calculated prior to the
plasma flow analysis as a solution to the magnetostatic equa-
tions and boundary conditions describing the discharge-cham-
ber magnetic field configuration.

In the r'-z' coordinate system, the plasma diffusion flux
vector (I"} is given by

l l"}= -[£>'] (7)

When the r'-z' coordinate system is rotated through an angle
0 relative to the fixed r-z coordinate system (located with its
axes tangent to the discharge-chamber axes) at a position P,
one obtains the following relations:

and

{ V '«) = [/?] [ V/z} (9)

where [R ] is a rotation matrix at P and is written

cos0 sin01
— sin0 cos0J' -[ (10)

By using the foregoing relations, the diffusion flux vector
defined with respect to the r-z coordinates becomes

(U)

where

'] [R]

Dn D12
D2l

[ DA cos20 + DB sin20 (DA - DB) sin0 cos01
(DA - DB) sinO cos0 DA sin20 + DB cos20J

(12)

Substituting Eq. (12) into Eq. (1), we obtain the following
governing differential equation:

I d / dn dn\ d / dn
- —( D22r — + D2lr — ) + — (Dn —
r dr\ dr dz/ dz\ dr

dn\
„ T- ) + Q =0dz/

(13)
Under most operating conditions, the potential of a typical

discharge plasma will be higher than that of a chamber wall
surface even when the chamber wall serves as an anode. In this
case, a sheath will exist not only upstream of the grids but also
at the wall surfaces. The ions arriving at the sheath edge
should be accelerated to the Bohm velocity VB (Ref. 9) in order
to assure that this sheath will be stable. Consequently, the
boundary condition at the chamber and grid surfaces becomes

(14)

where ( (F)) w represents the vector component of the flux
normal to the surface, and ns is a plasma density at the sheath
edge. Because axisymmetric plasmas are being considered in
this analysis, the boundary condition on the discharge-cham-
ber axis becomes

(15)

In order to solve the aforementioned differential equation
[Eq. (13)], the entire domain in the discharge chamber is sub-
divided into a large number of triangular elements. For each of
these elements, the equation is transformed into an algebraic
equation using the usual finite element analysis technique.10

Numerical Examples
Example 1

Consider the discharge plasma produced in a 20-cm-diam
cylindrical discharge chamber having six magnet rings ar-
ranged to produce the computed magnetic field configuration
shown in Fig. 1. When samarium-cobalt magnets with magne-
tization M = 0.83 T are used, the magnetic circuit analysis
yields flux densities that range from 0.23 to 0.28 T at the
magnet surfaces and from 20 to 200 mT at the grid surface.
Figure 2 shows a plasma density distribution calculated for the
case in which the xenon propellant flow rate m = 1 A-eq, the
propellant utilization r/M = 0.8, the discharge voltage Vd = 30 V
(correspondingly, the primary electron energy Ep = 30 eV), the
electron temperature Te = 2 eV, the neutral atom temperature
r,,= 0.05 eV, and the grid system transparency to neutral
atoms </>„ =0.3. Although a relatively uniform plasma is ob-
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Fig. 1 Magnetic field configuration produced by six magnet rings.

GRID LOCATION

Fig. 2 Plasma density distribution for the magnetic field configura-
tion produced by six magnet rings.

tained in the region near the chamber axis, large density varia-
tions are seen over the region near the chamber walls. The
distribution at the wall surface has peaks that appear at posi-
tions corresponding to the locations of the magnets. This
results because, at the center of the cusp, the plasma can
escape relatively easily to the surface by flowing along
the magnetic field lines of force. In the region between the
cusps, Fig. 2 shows that the plasma density at the walls re-
mains low. This result seems reasonable because the strong
magnetic fields in these regions inhibit plasma diffusion to the
walls. As the ion loss flux density is assumed to be propor-
tional to the plasma density at the wall surface [see Eq. (14)],
one can calculate the fractions of ions produced that flow to
each surface. In this case, the fractions to the grids/G, to the
side wall/5, and to the rear wall fR are 54, 36, and 10%,
respectively.

Example 2
This example demonstrates that the present method can be

used to investigate the effect of not only field configuration,
but also cathode position. In the former example, it was
assumed that primary electrons were being emitted from the
position where the magnetic vector potential was zero (i.e., all
along the chamber axis). When primary electrons are emitted
from positions of nonzero potential, the regions of the cham-
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Fig. 3 Effect of cathode position on the extracted ion fraction.

ber to which they have access, and where ionization will there-
fore occur, will also change. Figure 3 shows the effect of
changing the radius and axial location of an annular primary
electron source (a cathode) on the extracted ion fraction
(fa = <t>i'fc) for a 9-cm-diam discharge chamber. A grid sys-
tem transparency to ions (</>/) of 0.75 was used to compute
these results. The data show that increasing the cathode ra-
dius, so that the electrons are emitted closer to the side wall
surface, causes the extracted ion fraction to decrease consider-
ably. When the cathode is located upstream of the axial loca-
tion of the cusp, the data suggest that primary electrons tend
to be trapped by the cusped field and to produce ions locally
in the cusp region. In this case, most of the ions produced are
lost to the wall surface near the cusp and this results in a very
low extracted ion fraction. In Fig. 3, experimental data (ob-
tained from Ref. 11) are also shown for comparison. The
calculated results are in qualitative agreement with the experi-
mental ones.

Conclusion
With the finite element method, a simple plasma flow model

that can be used to calculate the fractions of ions produced
that flow toward the grid and wall surfaces has been devel-
oped. Two numerical examples have been employed to
demonstrate that this model can be used to obtain plasma
density distributions and to calculate the extracted ion frac-
tions for various cusped magnetic field configurations. A log-
ical next step in the development of this model will be to
combine the present capability with basic equations describing
the conservation of energy, primary and Maxwellian elec-
trons, and ions. A model of this type should facilitate the
computation of such discharge-chamber performance parame-
ters as the beam ion energy cost and make it possible to
optimize magnetic field geometry and strength for good per-
formance.
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